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In another application of the methods of Henneaux, Teitelboim, and Vergara developed for 
diffeomorphisms invariant models, the CGHS theory of 2D black holes is focused in order to obtain 
the true degrees of freedom, the simplectic structure and the effective Hamiltonian that rules the 
dynamics in reduced phase-space. 



I. INTRODUCTION 

The so-called "zero-Hamiltonian problem" (ZH problem) is present in diffeomorphisms invariant models 0]. Being 
more specific, we can say that in theories of gravitation the canonical hamiltonian density is a linear combination 
of constraints; therefore, after complete gauge fixing, it reduces to a strongly zero quantity. The ZH problem was 
■ analysed by Henneaux, Teitelboim and Vergara Q : the idea was to construct an extension on the original action that 
is invariant under gauge transformations not vanishing at the end-points; the boundary conditions were then modified 
through the gauge generators. The extension mentioned above is related to the physical {effective) Hamiltonian of the 
theory that is going to rule the dynamics of the physical degrees of freedom. An alternative approach was proposed by 
Fulop, Gitman and Tyutin ||; the main point here is that one works in the reduced phase-space. Once determined the 
simplectic structure, after complete gauge fixing, an special time-dependent canonical transformation is performed, 
obtaining the generator of dynamics for the physical variables. A direct application of these techniques was done in 
the 2D induced gravity model of Polyakov Q ; here Q it was possible to obtain the physical Hamiltonian and dynamics 
of the true degrees of freedom in a systematic way; without the complications found when other methods are used 
|llf . The ZH problem was also focused in the 2D black hole theory, using dilatonic gravity models Q (in particular, 
£NJ ' the CGHS model). Here a different approach was considered: the basic idea was that the physical Hamiltonian must 
be a proper quantity . Although the results were consistent the techniques used were not systematical, using several 
arbitrary assumptions related to the particular model under analysis. In this work, ss an application of the methods of 
Henneaux et al. and Gitman et al., we focus the 2D CGHS gravity model Q and show that it is possible to recognize 
its true degrees of freedom and obtain the correspondent reduced phase-space physics in a step-by-step procedure; the 
key point is the calculation of the effective hamiltonian density using those methods. The manuscript is structured 
as follows. In the second section we make a brief description, as a review, of the techniques used to analyse the ZH 
problem in the induced gravity case. In the third section we follow the Henneaux et al. method to study the CGHS 
^-i. model, working in the conformal gauge as a concrete example. In the final section we display our conclusions. 
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II. THE ZH PROBLEM IN INDUCED 2D GRAVITY 



$_i ' The presence of the ZH problem in field theories is a consequence of diffeomorphisms invariance []lfl H . As is well 



known, in those systems the extended hamiltonian density (He) is a linear combination of constraints 

H E = H + X a G a « , (1) 

where G a represent the first-class constraints. Therefore, the Hamiltonian is a strongly zero quantity after the 
(complete) gauge fixing procedure, leaving no generator of dynamics in reduced phase-space Henneaux, Teitelboim 
and Vergara || proposed to perform an extension on the action that takes into account end-point contributions. The 
action for the paths obeying these open boundary conditions (the gauge parameters t a do not vanish at the end 
points) is 

( pq -H -\ a G a )dT-[P i —-GY T l , (2) 
with G = e a G a . The corresponding generating function (M) is related to the gauge (Diff) generator. We have in fact 
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(3) 



In the induced 2D gravity case [Q the action is given by 

S = J d 2 x v ^{-i P S7^\7 tl ip~ aRtp) , (4) 
where tp(x) is an auxiliary field and R is the 2D scalar curvature. For this model the generating function M is |5j 

M = Jdym = J dy{P l ^--G] , (5) 



with 
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being a function of the gravitational field components g^, the auxiliary field (p and their conjugated momenta. It is 
also possible to obtain a non-zero effective Hamiltonian (H), in reduced phase-space, using the technique proposed in 
||. After complete gauge fixing a canonical transformation is performed, whose generator (F) is determined by the 
form of the gauge fixing constraints P] : 



H = 



dF 
d7 
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(7) 



We obtain the last equality after (complete) gauge fixing, meaning that H is the Hamiltonian for the new variables 
(Q), in reduced phase-space. The equations of motion will be 



Q = {Q,H} D P = {P,H} D , 
where D denotes the Dirac bracket JlJ operation. In the 2D induced gravity case we found 

{gii(x),Tv n (y)} D = S(x-y) . 



(8) 



(9) 



Although this is the canonical bracket relation the gravitational field and the corresponding momentum are not 
independent quantities in this case j^] . For the effective hamiltonian density we obtained [|| 



H e ff = gn + a (l - 7r n <9i.9ii , 

this density rules the dynamics of the physical gravitational field (gn) in reduced phase-space. 
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III. THE 2D BLACK HOLE 



2D black hole physics can be described using the CGHS model of dilatonic gravity M. The corresponding action 
can be written in the following form 



S = J d 2 xy/^g (rjR - A) 
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(11) 



in the following we will call r\ 



the cosmological constant is A; rj is related to the dilaton field <p through 77 
the dilaton field for simplification. The 2D scalar curvature R is constructed out of the metric g^ as usual, while the 
physical gravitational field is represented by the g^ v — components. Being a gravitation theory the local gauge 
transformations are the 2D diffeomorphisms. In fact, The dilaton and gravitational fields transform as 
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Sri = e?dtf (12) 

Sg^ = d a g^e a - g^d^e" + g v °d a ^ . (13) 
Using the physical gravitational field components we can put the action (|j) in a more convenient form 

d 2 x e~ 2v (R + ig^dftcpdvip - A) . (14) 

Using a new set of canonical transformations it is possible to write the metric components in terms of the shift 
vector N and the lapse function n. We have 

0=^ 2 - , ~g^ = ±-^- 9llv , (15) 

.9oo = -N 2 + n 2 g , g 01 = ng , g u = g . (16) 

With these new fields we furnish the primary (first class) constraints of the theory namely 7T/v = and 7r„ = 0. In 
turn, the consistency-in-time condition of these quantities give two secondary constraints 

wi = ~ (W - — 2 {g^ a ) 2 - -(gir g )*4 ~ J^- + 2ad*<t> + a 2 (3g) (17) 



2 \ a z a g 

^2 = n$dx(j) - 2gd 1 TT g - -K g d x g , (18) 

and the canonical hamiltonian density is, as expected, a combination of these secondary (first class) constraints 

N , x 

i/ c = — u)\ + nuo 2 ■ (19) 
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In an analogous procedure to the one used in || we choose as gauge fixing conditions 

r 5 =7r s -/(t) T 6 =d 1( f>-1 . (20) 

where f(t) is an arbitrary function of time. To obtain a more convenient form of the Dirac matrix we use the following 
linear combinations 

A^wi+Ts , A 2 =cj 1 -r 5 , (21) 

whose Poisson brackets are 

{Ai(x),Ai(y)} = -2a0 x *(a;-i/) . (22) 

The Dirac brackets for the physical degrees of freedom can be obtained in a two-steps procedure. First we fix the 
\n n , 7Tjv] sector using the conformal gauge fixing condition 0; this is straightforward. In a second step we take the 
sector formed by uj\, 0J2, Ai and A 2 . We obtain as fundamental Dirac bracket 

{9(x),n g (y)} D = S(x- y) , (23) 

analogously to the induced gravity case; the complete simplectic structure of reduced phase-space follows from this 
relation. To find the effective Hamiltonian in reduced phase-space we perform, as was explained in section II, a 
time-dependent canonical transformation. In the gravity sector we have 

n s = * g - f(t) , G = g . (24) 

The new Lagrangian density reads 

L = L + 8^ , (25) 
where is the generator of the canonical transformation. The correct equations of motion are obtained when 

F°=Ug , F 1 = a (l ±±*) g'U g . (26) 

Going back to the "physical" variables of action ([lj]) we finally obtain that the effective hamiltonian density is 

H eff = ^{e-^[2d^ + X]) . (27) 

This is the ADM hamiltonian density, in conformal gauge, in agreement with ||; the dilaton appears as the fundamen- 
tal field (in fact, g is related to the dilaton through the secondary constraints u>i and a^)- The hamiltonian density 
( p7| ) replaces the original ( equation ([l9|), that is strongly zero after complete gauge fixing) for the reproduction of 
the black hole equations, using the simplectic structure of the reduced phase-space. 
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IV. CONCLUSIONS 



Using the methods developed by Henncaux, Tcitclboim and Vergara; Gitman and Tyutin, we have obtained a 
solution to the ZH problem for the 2D dilatonic gravity model, getting the reduced phase-space Physics whose 
hamiltonian density is in agreement with the one found in || (for conformal gauge fixing). The expressions are 
the result of a totally systematic approach; contrary to what is usually found in the literature when considering 
diffeomorphisms invariant models. 

Acknowledgements 

The authors would like to thank FUNPAR and PIBIC/CNPq for financial support. 



[1] Dirac P.A.M, Lectures on Quantum Mechanics, Yeshiva University, New York 1964; Henneaux M., Teitelboim C, Quanti- 
zation of Gauge Systems, Princeton University Press, New Jersey (1992). 
[2] Henneaux M., Teitelboim C, Vergara D., Nuc.Phys B 387 (1992) 391. 
[3] Fiilop G., Gitman D.M., Tyutin I.V., Int. J. Theor.Phys 38 (1999) 1941. 
[4] Polyakov A. M., Mod. Phys. Lett. A 2 (1987) 893. 

[5] Constantinidis CP., Devecchi F.P, Marchioro D.F. , Phys.Rev.D 62 (2000) 025015. 
[6] Bilal A., Kogan L, Phys. Rev. D 47 (1993) 5408. 
[7] Regge T., Teitelboim C, Ann. Phys. 88 (1974) 286. 

[8] Callan C, Giddings S., Harvey J., Strominger A., Phys. Rev. D 45 (1992) 1005; Cangemi D., Jackiw R.„ Phys.Rev.D 50 

(1994) 3913; Jackiw R., Nucl. Phys. Proc. Suppl. 57 (1997) 162. 
[9] Anderson J., Bergmann P., Phys. Rev.83 (1951) 1018. 
[10] Goldstein H. , Classical Mechanics , Addison- Wesley, Cambridge (1980). 

[11] Abdalla E., Abdalla M.C.B., Devecchi F. P. , Europhys. Lett.44 (1998) 436; Devecchi F. P. , Phys. Rev. D 58 (1998) 045009; 
Kremer G.M., Devecchi F.P. Phys. Rev. D 65 (2002) 083515. 



4 



